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1.  Introduction


This paper argues that alleged Gettier cases for mathematics are not actually Gettier cases.  This indicates there are no Gettier cases for mathematics.  But this is not conclusive because it does not rely on any epistemological principle that would rule out Gettier cases entirely.  I do not claim that it is impossible that there are Gettier cases for mathematics.  I claim that the remaining possibility of Gettier cases in mathematics is so obscure that no such case can be exhibited.  

A Gettier case, you may recall, is a true, justified belief that fails to be knowledge.  Beliefs may either be inferred from other beliefs or not.  Inferred beliefs derive warrant from the inferences we are entitled to make.  Non-inferred beliefs raise more difficult questions about the nature of their warrant.  This paper first takes up inferred beliefs.  Then it briefly discusses non-inferred beliefs.  Additional discussion of one view of non-inferred beliefs is in an appendix.

Mathematical Gettier cases play a crucial role in arguments that there can be defeasible a priori justification of beliefs.  So it is important that the argument in this paper does not assume that we have any special abilities for arriving at true mathematical beliefs.  It assumes only that we have the usual fallible abilities.  Indeed any remaining possibilities for Gettier cases for mathematics would require an explicit account of some such ability.
2.  Puzzling Evidence


Casullo (2003) offers many examples that can be understood as alleged mathematical Gettier cases.  Casullo's cites these in support of his claim that a priori justification is defeasible.  But defeasibility of otherwise good justifications of true beliefs would make these Gettier cases, regardless of whether the justification is a priori.  In this paper, I shall not consider whether such justifications are a priori.  Among Casullo's arguments is:

Suppose S is a competent mathematician whose belief that p is justified on the basis of following a valid deductive proof from true premises S is justified in believing.  Furthermore, suppose that one of S's colleagues whom S has no reason to distrust presents a pseudoproof that not-p from different true premises that S is equally justified in believing.  S scrutinizes the pseudoproof and believes it is sound.  Since the proof that p and the pseudoproof that not-p are equally compelling for S, the pseudoproof defeats S's original justification.  Hence S's justified belief that p is defeasible. (2003, 58)
Casullo concludes that even though p is justified and moreover cannot be false, its justification is nonetheless defeasible.


Among Casullo's many similar arguments this is unique in that it explicitly cites the appropriate kind of justification in mathematics, which is a sound proof, and the appropriate kind of defeating evidence, which is an apparently sound proof.2 In other arguments, Casullo allows invalid proofs to count as justification, and allow some experiential evidence and expert testimony as defeaters for proofs.  I shall set aside the idea that invalid proofs justify mathematical conclusions.  Defeaters other than apparent proofs raise many questions about whether, how, and when such evidence might count as defeating a sound proof, which I shall not attempt to answer here.  

Without any details, the proof and pseudo-proof are said to be "equally compelling" to a "competent mathematician."  Casullo mentions only the kinds of evidence, not any example of evidence of those kinds.  Are there examples of such equally compelling proof and pseudo-proof?  The following is an attempt to spell out such an example.  Consider the following pseudo-proof (due to Leibniz):

(1 - x)(1 + x + x2 + x3 + ...) = 1 - x + x - x2 + x2 - x3 + x3 + ... = 1.

So 1/(1 - x) = 1 + x + x2 + x3 + ....

Let x = -1.

Then 1/2 = 1 - 1 + 1 - 1 + 1 - ....

But consider the partial sums of the infinite series 1 - 1 + 1 - 1 + 1 - ...  These are 0, 1, 0, 1, ...  If the sum of an infinite series is defined by the limit of the sequence of partial sums, as it usually is today, then 1 - 1 + 1 - 1 + 1 - ... does not have a sum, whether equal to 1/2 or anything else.


If mathematical work had ceased around 1800, this might have remained unresolved.  The proof and pseudo-proof might have remained "equally compelling," at least to some mathematicians.  After all, this pseudo-proof is due to an acknowledged genius.  Leibniz's reasoning actually works only on a restricted radius of convergence, for which -1 < x < 1.  But once we have defined the sense in which an infinite sum converges only if the sequence of partial sums converges, the proof of non-convergence of Leibniz's series is not defeated by Leibniz's pseudo-proof.

There is a sense in which Leibniz has been vindicated, however.  There are many generalizations of partial sum convergence, according to which 1 - 1 + 1 - 1 + 1 - ... does equal 1/2 after all.3 In light of distinctions between different definitions, Leibniz's result can be confirmed, although not his justification.

Imagine any other equally specific example of conflicting proof and pseudo-proof.  For the pseudo-proof to defeat the proof, the competent mathematician must misjudge these.  Setting aside skeptical barriers, perhaps something about the example is supposed to baffle a competent mathematician.  We might consider, for example, the famous computer assisted proof of the Four Color Theorem.  In this case, no human is capable of keeping track of all the steps of the proof.  But even in this case, the proof does not come to us from heaven or an oracle, with no more than an assurance that it is correct.  The proof has been checked by computer-assisted humans.  There is no good reason to deny humans the use of tools in this effort.  Also, mathematicians will continue to work on the proof in order to streamline it and to make it more humanly comprehensible.

Or suppose any valid proof is spelled out in whatever you or I consider sufficient detail.  by hypothesis, the proof is correct.  Suppose also that the novice has given this same proof, and it is disputed by an expert.  In order to argue that the expert testimony undermines the evidence provided to the novice by the proof, the novice needs to be in a different position from us.  The novice's ability to use the evidence must be blocked in some way.  But it is difficult to see what would be doing this, since by hypothesis the novice has the same proof as we have.  But on the other hand, I do not want to postulate any epistemological principle that might rule out the possibility of such blockage, since this would beg the question.   


Casullo describes evidence only according to its "source," such as experience, memory, testimony, or a priori intuition.  For his examples, proof or pseudo-proof will come from the same source, however that is understood.  So in his descriptions, evidence has no characteristics by which to distinguish an adequate justification from evidence that merely has the right provenance.  For the example under consideration, the effect is the same as if inquiry had remained frozen at 1800, when the proof and pseudo-proof were "equally compelling."  

By describing evidence only according to its "source," Casullo confuses evidence with authority.  This is as if we attempted to evaluate the validity of some science research solely on the basis of the credentials and affiliations of the principle investigator, the number of citations to publications of the research, and the prestige of the journal.  These are indeed used to evaluate the reliability of research, but only when we are not able to evaluate the validity of research itself more directly.     

But perhaps we should consider a case in which someone is unable to evaluate the quality of evidence herself, and must rely on apparently reliable sources.  It is more plausible that the novice's knowledge may vary by the social context when some evidence that we might want is missing.  So suppose that a novice mathematician or student has learned only the partial sum definition of convergence of infinite series from a calculus textbook.  Suppose the novice gives a correct proof that Leibniz's series,   1 - 1 + 1 - 1 + 1 - ... does not converge.  Suppose then that an expert presents Leibniz's reasoning, with no explanation of the different definitions of the "sum" of infinite series.  Even if the novice's understanding is adequate for solving the problems in the textbook, the novice may be confused by the expert's authority.  Should this be considered to defeat the novice's correct proof?  I shall argue that it should not.  
3.  Convergence in Scientific Practice

Presumably the expert is reliable, although wrong in this case. Perhaps any expert mathematician's judgment should be seen as generally reliable, and having the power to defeat a novice's proof, even when the expert is wrong.  It may seem that this is what we laypeople must do in order to have knowledge of complex facts.  


But even when we are in the position of the novice, we have much more to go on than the judgment of individual experts.  This is because scientific communities have very reliable social processes for checking results.  When we consult scientific or mathematical experts, we rely on a social process that is far more reliable than individuals. The expert in the example does not offer any direct account of the generalization of infinite sum.  Unless an expert herself can produce the right kind of evidence, the judgments of any one expert or even a small group of experts count as evidence only as part of this social process.  

Mathematicians prove results in a variety of different ways, correct errors, extend results, and streamline methods.  This process means that the chance of community-wide error diminishes greatly over time.  A sound proof is defeasible in case of community-wide error.  We might imagine the entire mathematical community rejecting a well-constructed counterexample.  The social process of consolidation need not result in a single unified system.4 But barring some broader skepticism about such convergence, we can conclude that the novice would be vindicated eventually, even if one or more members of the mathematical community are initially mistaken, since the novice's proof is sound.  So the expert's pseudo-proof does not defeat the novice's proof.

Consider the Fundamental Theorem of Calculus.  Newton and Leibnitz found that determination of a tangent was the inverse operation for quadrature of a curve.  They had no general concept of integral and only sketchy proofs of the Fundamental Theorem.  Nonetheless, as the concept of integral was extended to more functions in the 19th and 20th Centuries, the Fundamental Theorem was also made rigorous and extended.  Now Newton's and Leibniz's sketchy reasoning is a small well-confirmed fragment of an extensive collection of analogous proofs of Fundamental Theorems concerning different integrals. (See Burk 2007.)  

Individual misjudgments are especially irrelevant in abstract knowledge.  For mathematics, the evidence that counts is always available for inspection just by using symbols and pictures to think, write, or talk about it.  The evidence consists of abstract things: proofs, axioms, etc.  So there is no need to rely on the reliability of experts, as if they were giving testimony about something only they can see, as does a witness to a crime that happened in the past.  For abstract knowledge, we can check for ourselves.  This need not involve some sort of non-naturalistic special intuition.  A word is an abstract object and we can recognize these too.  It is important to note that there is no need to assume that this capability has any special infallibility.  


But the main argument is that reliable justification in science is collective, rather than individual.5 Each mathematician, even the most brilliant, is capable individually of recognizing and working with only a few proofs and methods.  No one sees the whole picture, and individuals rely on a collective checking process of refereeing, reviewing, re-proving, and replicating in parts of science distant from their own work, as well as nearby.  But we should not confuse this process with testimonial evidence.  Reliable justification in mathematics (or science more generally) is not given by individuals, except insofar as such individuals represent a community of inquirers.
4.  Convergence as Normative


But is it possible to rely on convergence?  If not, then it is not normative.  Thus it may be objected that at the time of the expert's misleading presentation of Leibniz's reasoning, the novice does not really know the result of the proof.  Perhaps it may take a century or more for the mathematical community to vindicate a misunderstood proof.  But there is a mistake underlying this objection.  A proof is not a particular token event occurring either in minds or on paper, either now or in the future.  Instead, a proof is a type of process.  Convergence is reliable in the long run.  But we can also rely on it now to the extent we (fallibly) recognize proofs as types, which we do when we recognize a token event as a proof.

Thus Newton's and Leibnitz's initial proofs of the Fundamental Theorem were sketchy.  The Fundamental Theorem asserts that there is a well-defined inverse operation to differentiation.  Newton and Leibnitz saw this clearly, but only in an outline form, as the theorem applies to certain functions.  But subsequent work bears it out.  Their work is clearly correct by any reasonable standard.

Or consider our understanding of any word.  This understanding is a type of process, occurring with many concretely spoken or written tokens.  Understanding a proof with minor errors is then analogous to understanding a written word with a misprinted or illegible letter.  Despite being slightly defective, the process of understanding a word with minor misprints can still be the token of the relevant type.  Even if some people misunderstand the writing because of the defective letter, the writing still counts as a word.  If it is normal to fail to recognize it, then noise overrides the signal.  But a few misjudgments do not override the evidence of the proof.      


It may be objected that I owe an account of why there is convergence in the process of mathematical consolidation of proofs.6 But this is demanding too much.  What could be more reliable, or better by any epistemic standard, than this process?  Of course this process is fallible.  The entire community can fail to notice and fix a mistake.  But we need not have an account of convergence, as long as we set aside skeptical scenarios in which convergence fails in this way.  The consolidation process occurs throughout the history of mathematics.  In general, the solution to any mathematical dispute is more mathematics.  Since Cohen's development of the method of forcing, the wide-ranging foundational disputes of the early 20th Century evolved into an investigation of the relative strength of various assumptions.  In a well-known recent case, dispute over Perelman's sketchy 2003 proof of the Poincare Conjecture was resolved by its 2006 confirmation by other mathematicians.  But successful mathematical convergence need not result in a priori, indefeasible, or infallible knowledge.7  

5.  Electrical Engineering as Epistemology    



An instructive alleged Gettier case for mathematics is due to David Alexander.8    


A student wonders what 752 is equal to.  The student lazily uses a calculator that has been reliable for years.  But unknown to the student, the calculator has just then become almost completely unreliable, due to age, stress, or malfunction.  Nonetheless, when the student types 752 into the calculator, it gives the correct result, 5625, which the student believes is equal to 752.       


Is this a Gettier case?  Alexander alleges it is. But it is a Gettier case only if there is the right kind of evidence for a belief that 752 = 5625.  Yet Alexander describes the calculator as "almost completely unreliable."  So do the electrons make it through all the transistors they need to in order to run the program?  If so, then despite the calculator's shaky state, it does the calculation and gives the right kind of evidence for a mathematical belief.  


The reliability of calculators is a question asked not only by epistemologists or lazy students.  In this example, the calculation is not in a mind or on paper.  The calculation is a physical event and is studied that way by engineers.  


Engineers "design for test."  The basic idea is that faults in a digital circuit are logic gates stuck either at 1 or 0.  One technique is that for each possible fault an Automated Test Pattern Generator generates inputs to produce a failure at that point, and looks for outputs that would result from that failure. (Koenemann 2006, 21-6)  Such tests (which can even be built in) check whether the calculator's central processor and memories produce sound inferences.  So a standard quality control method can confirm whether the calculator performed the calculation on the occasion described.  If the calculator makes sound calculations, then the student has the right kind of evidence and knows that 752 = 5625.  If not, the student does not have such knowledge.

Other obstacles, perhaps in the display or keyboard, do not really provide Gettier cases for mathematics. The fact that the calculator is about to break down is not relevant.  Since all machines, and people, break down eventually, this is grounds for broader skeptical objections rather than Gettier cases.  
6.  Non-inferred Cases

 
Among the non-inferred mathematical beliefs are beliefs that axioms or definitions are true of the objects they describe.  The difficulty in spelling out a Gettier case for non-inferred mathematical belief is lack of clarity about the nature of the evidence or justification for such beliefs.  The justificatory process in a Gettier case must be precisely calibrated.  It must succeed in justifying a belief, but it must not qualify this belief as knowledge.  Such fine calibration requires that the process be well-understood.  It is premature to rule out Gettier cases that may emerge from investigation of non-causal mathematical intuition.  But without an explicit account of intuition, it is hard to imagine a Gettier case.  


Of course, it is no reason to conclude that the evidence for non-inferred mathematics is unreliable or lacking, just because we lack a generally accepted account of such evidence.


Besson (2009) raises the question of whether there are Gettier cases for non-inferred or basic rules of logic.  She argues that there are.  Besson considers our non-inferential knowledge of the validity of modus ponens.  

Suppose that a logic expert undertakes to teach a novice the logical rule of modus ponens.  But maliciously the expert teaches an invalid rule instead.  Nonetheless, because of an auditory hallucination at the right moment, the novice learns the correct rule, and hence believes correctly that modus ponens is valid.  

Besson considers the "understanding account" of a priori knowledge.  She attributes the understanding theory to Boghossian (1996).  It says that "a basic rule of logic is an implicit definition or a meaning-postulate" (Besson 2009, 5).  In the Modus Ponens case the expert makes a postulate, and the novice believes the rule is valid, but there is a broken connection between the novice and the expert's postulation.  Assuming that the understanding account is correct, this is a Gettier case.  Besson considers this to be a counter-example against the account.  But the understanding account allows for Gettier cases for logic because it allows expert testimony to count as defeating warrants to logical knowledge, or as warranting such knowledge, which Besson accepts for the sake of argument (2009, 18).


  Testimony may be evidence that someone has a belief that modus ponens is correct, just as testimony may be evidence that someone believes some point of theology.  But this is not the same as being evidence for modus ponens.  We already saw that expert judgment is not itself a warrant for mathematical conclusions, nor is it itself a defeater for a sound proof.  Non-inferred cases are more difficult, but even for non-inferred cases the expert must offer something more than mere say-so.


We are entitled in some way to the basic rules of logic.  We do not have an accepted account of what this entitlement consists of.  But this does not mean there is none.  For example, modus ponens can be proved to be a sound rule by truth tables.  Or conditional sentences say one set is a subset of another, and modus ponens merely infers that anything in a subset is in a set including the subset.  Holistically, evidence might be found throughout successful reasoning.  But modus ponens as a pattern of thought must be presumed to have some evidence that this is a correct way of thinking.  Otherwise, there is no justification in this case, and it cannot be a Gettier case.

7.  Diagnosis and Conclusion


Claims that there are Gettier cases for mathematics and logic follow from a picture of how we reason.  According to this picture, we use words to grasp concepts and assemble these into propositions.  Mathematical and logical knowledge would result simply from this grasp and assembly by individual minds, rather than from experience.  From this view, an unshakably firm grasp is an unnecessary and unrealistic assumption.  

In the Calculator example, it might be insisted that the working of the calculator is irrelevant, since the student does not grasp it.  But epistemological internalism seems misplaced where the relevant events occur mostly in the calculator, and little thinking occurs in the student's mind. 

One cannot help feeling sorry for the hapless novices in Casullo's and Besson's examples and for Alexander's lazy student.  Their mental grasp is defeated by broken calculators or malicious experts, while reliable justifications for mathematics and logic are easily found in textbooks and other public artifacts.  Even if something like a mental grasp of concepts occurs, it remains to be seen what role it plays in mathematics.  Instead in these examples, the details that normally enable mathematicians to tell good evidence from bad are kept out of reach from the hapless protagonists.  

Even if we suppose that as novices, or as just plain lazy, they are not capable of assessing evidence themselves, in the examples they are further denied the ability to rely on the social and engineering processes that we all normally rely on.  The lazy student cannot rely on the quality control processes used in engineering, which we all rely on every time we turn on a calculator or computer.  The novice mathematician and logician cannot rely on the social process of refereeing, reviewing, re-proving, and replicating mathematical work.  Since we all usually and normally rely on such processes in science, it is artificial to exclude them from description of alleged Gettier cases.  This is different from Gettier cases of other kinds, in which normally reliable methods of justification break down in unusual cases.   

This paper does not deal with special non-experiential sources of evidence, whether these result in a priori justification or not.  Kitcher argues that the "deepest" problem with the a priori is "the inadequate individualistic epistemology that demands that we offer a synchronic reconstruction of human knowledge" (2000, 84).  Thus this paper focuses on the defeasibility of mathematical justification, which can be usefully discussed in terms of the reliability of mathematical communities over time.  

This paper makes a holist argument against the grasp and assembly picture, appealing instead to mathematical proof as recognized by a community.  Wilson (2006) rightly accuses holism of failing to give a detailed alternative to the plausible picture.  But the holism here is not excessive.  This paper does not propose any dubious methodological guidelines on what counts as proof.9  It is not inevitable that mathematical methods converge.  In applied mathematics, as Wilson argues, we cannot expect that what we get by mathematical methods of proof should fit neatly with the variety of physical reality.  But calculators are designed to be mathematically describable and empirically checkable.     


We can conclude that it is nearly certain there are no Gettier cases in mathematics.  This investigation is not conclusive.  It would be question-begging to invoke any epistemological principles that would rule out mathematical Gettier cases.  Instead I assume here that the social process of refinement and consolidation of mathematics is highly reliable.  This rules out Gettier cases for inferred mathematical knowledge.  The evidence for non-inferred beliefs is more difficult to explain.  But likewise it is more difficult to describe Gettier cases of this kind.  

If in addition we assume that mathematical objects and inferences about them are abstract, and that mathematical objects are normally known by the use of symbols and diagrams, this makes it yet clearer why expert testimony is neither a warrant nor a defeater of warrants for mathematics.


There remains the possibility of Gettier cases in which evidence is drawn from mathematical intuition.  But the obscure nature of such evidence makes it difficult if not impossible to exhibit a Gettier case of this kind.  
Notes

1. I thank James Rocha and Jeffrey Roland for discussion and helpful comments on earlier drafts.

2. Fallis (2002) discusses an illuminating example in which proof is replaced by probabilistic reasoning.  But as Fallis notes, the interesting question is why we demand proof after all.  It is not interesting to weaken the notion of evidence is unless it continues to be the right kind of evidence for the relevant kind of belief. 

3. Generalized definitions of the "sum" of divergent series are summarized in Knopp's 1921 Theory and Application of Infinite Series.  Wilson (2006, 97-98) cites remarks on the definition of the "sum" of divergent series made in 1949 by the mathematician G. H. Hardy as exemplifying an exaggerated confidence in the power of clarification of concepts.  Wilson is correct in judging such confidence to be misplaced in many cases, but in this case the definitions of the "sum" of divergent infinite series constitute a successful clarification among many by mathematicians of the late 19th and early 20th Centuries.  

4. Kitcher (1988) discusses the possibility of such unification, calling it "strong progress," but does not think this is required for epistemology of mathematics.
5. It is unclear, in the face of 1000-author physics papers and global collaboration in molecular biology, why one might continue to insist that only individuals, and not groups, can have beliefs.  But group belief is not the topic of this paper. 
6. Jeffery Roland raised this objection.

7. Kitcher (1983; 2000) or Maddy (1990; 2007) also refrain from demanding a deeper account.
8. Alexander gave this example in his response to an earlier version of this paper, presented at the Midsouth Philosophy Conference, University of Memphis, April 2009.

9. Wilson (2006, 281) strongly objects to sweeping Quinean methodological slogans, such as "ontological economy" and "put theories in first order logical form."
Appendix: Maddy's View and Mathematical Gettier Cases

Levine (2005) argues that there are Gettier cases for non-inferred mathematical belief.  Levine discusses Maddy's view (1990) that there is causal evidence for some non-inferred mathematical beliefs.  We can investigate whether such causal processes would allow for Gettier examples for non-inferred mathematical beliefs.  Here I consider such mechanisms as possible sources for mathematical evidence, but do not try to determine whether such mechanisms do in fact give mathematical evidence.  


Maddy's current view of mathematical perception (2007, 318-328) is based on recent psychological studies of children's numerical perceptions.  These studies find that children have two distinct mechanisms for perceiving numerical quantities.  One mechanism accurately perceives the number of objects in small arrays.  This works only for cardinalities less than four (increasing to four in adult humans and other primates).  Another analog mechanism weighs ratios between larger quantities.  Many animals in addition to humans have this second mechanism, but it works only approximately.  In humans, the two mechanisms become coordinated when counting and number words are learned.


Suppose that a perceiver sees images of chairs projected on a screen.  On the screen is a group of two chairs on one side, and a single chair on the other.  The perceiver mistakenly believes she sees three chairs in two unequal groups.  Using the first perceptual mechanism for perceiving the numerical quantities, the perceiver arrives at the non-inferential numerical belief that 1≠2.  But there actually are three chairs in two groups behind the screen.  So coincidentally, the perceiver's belief that there are three chairs in two unequal groups is a correct belief about the chairs.  (Levine considers the belief that there is a set of three things, rather than the belief that 1≠2.  I have adjusted the example in light of Maddy's shift away from interpreting numerical perception as perception of sets.)

Is this a Gettier case for non-inferred mathematical belief?  Levine notes that if we treat this like standard Gettier cases, it is a Gettier case, since the perceptual evidence for the perceiver's belief is not a perception of the right things, the chairs.  But is this the right way to treat the mathematical belief?  Levine distinguishes between weak and strong veridicality of perceptual belief.  Strong veridicality is the standard sense in which a perceptual belief is true only if it is true of the right things.  If we insist on strong veridicality for mathematical perceptions, Levine notes that a child would not really perceive a three-member set by looking at images in a picture book rather than at the things the images are of (2005, 443).  Weak veridicality is satisfied when "the object of my perceptual belief is before me in the most general and ambiguous sense of 'before'." (2005, 441)


Levine argues that the weak veridicality condition also has unappealing consequences.  Suppose that the perceiver does get perceptual knowledge that 1≠2 from the images.  Levine asks, "Why not the images on the screen of the Cartesian cinema?"  With weak veridicality, it seems that perceptual knowledge does not require sensations, and may even be a priori.  Levine says, "The conclusion that perception can engender a priori knowledge is clearly unacceptable." (2005, 443)  


But Levine's worry is unfounded.  The extreme generality of the number concepts requires us to weaken the veridicality condition for perception.  But weak veridicality causes no epistemological problems as long as numerical perceptions are direct.  Direct beliefs are about mind-independent things.  The point is to exclude perceptual beliefs that are merely about mental images, rather than beliefs about what the perception of.  The contrast is lost if we allow perception of mental images to count as direct.  In perceptual Gettier cases, we suppose there are real photons, pixels, pictures, or reflections, even if these do not arrive at the perceiver's eye by the normal and expected route.  The Gettier cinema is not the Cartesian cinema.   


In the example, the perception is not of the expected things, the chairs, but it is still a perception of mind-independent things, the images of chairs.  There is perceptual evidence for 1≠2 in the example above, even if the perception is of images of chairs, rather than of chairs. The extreme generality of number concepts means that perception of images is evidence in the same way as perception of other things.  (Descartes was right about that, even if he was not talking about the same sort of images.)  Thus a child does perceive a set when she looks at a book with three ink blobs on a page.  So even assuming there are mathematical perceptions in this way, these do not give rise to Gettier cases.  In the example, there is a Gettier case for the perceiver's belief that there are chairs.  But there is no Gettier case for the belief that 1≠2.  


Further, weak veridicality generally is the appropriate veridicality standard for perception of mathematical objects, if there are any such perceptions.  It is often observed that the usual and normal way of arriving at mathematical knowledge is through perception of diagrams, symbols, or other representation.  Here I appeal to the relatively uncontroversial idea that we normally arrive at knowledge of abstract things by use of such representations.  I do not need to assume that perception of such representations is necessary.  


With respect to mathematical objects we are always in the position of the child who perceives a set when looking at a picture book.  The child looking at a picture on a page is not in any way cut off from the world outside the mind.  Nor are we when we use diagrams and symbols in mathematics.
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